a set of measurable functions $a(t)(0\leqq t\leqq 1)$ such that
4) $m(\xi a
words, the theory of modulared semi-ordered linear space, which was considered first by NAKANO [7] , may be regarded as a direct generalization of the theory of $L_{p}$ -space, in spite of existence of many examples.
which are not $L_{p^{-}}tyRe$ .
The purpose of this paper is to classify modulars by power functions.
For this purpose, we will define two exponents of a modular and discuss properties of these expouents and characterize some properties of the modular by them.
The concept of exponents of modulars is not firstly discussed he $re$ .
In fact, in particular cases, where the modulars are of unique spectra, they were defined by NAKANO [7] . The exponents defined in this paper can be considered as a generalization of them.
In general cases, where the modular spectra are not always power functions, we must consider derivatives of modulars for the sake of validity of exponents, concerning especially about uniform convexity and uniform eveness. Therefore, \S 1 and \S 2 are devoted to argument of the derivative\'{s} of modulars and their spectra. In \S 3 we will define two sorts of exponents of elements and discuss the relations between properties of elements and their exponents. The exponents of a space are defined in \S 4 and the problem of determining exponents of a space by that of elements of the space will be dtScussed there.
$-$
In \S 5, conjugateness relations of exponents are est\'ablished. Relations between a modular and its norms are regarded as the first problem which should be solved in the theory of modulared semi-ordered linear space. As the preparations, we will enumerate in \S .6 some theorems about norms.
In the following three sections, we will eonsider problems concerning about special types of modulars, namely, bounded modulars, modulars of unique spectra and constant modulars.
Some of results of this paper may be obtained also in modulared linear spaces without semi-ordering. But, it is our cherished $0\overline{p}inion$ that the semi-ordered linear space is most suitable for the development of modular theory, and the opinion has been testified enough in the book: NAKANO [7] , to which we owe the terminology and properties of modulars used in this paper. ( The general theory of modulard linear spaces without semiedering was developped by NAKANO [11] .). Before proceeding to the details of the work, I should like to ex-$m(aa)=\int_{0}^{a}\pi(\xi/a)d\frac{\sim}{.}\leqq\int_{0}^{a}\pi(a/a)d-=\alpha\pi(a/a)$ .
If $(maa)$ is. infinite, $\pi(a/\alpha,)$ is also infinite by the definition, and so, the left-hand inequality of (3) is obtained.
By this inequality, we have from the definitions of the modular, (4) $\pi(\xi/a)=0(\xi>0)$ implies $a=0$ , (5) for any $a\in R$ there exists a number $a>0$ such that $\pi(a/a)<+\infty$ .
Let $a_{\cap}b=0$ . Then, we have Therefore, by subtracting term by term and letting $\epsilon\rightarrow 0$ , we obtain the following inequality: (6) $\pi(\xi/a+b)=\pi(\xi/a)+\pi(\xi/b)$ for eve $ry\xi>0$ , $prov\ddagger ded$
. that $a_{\cap}b=0$ .
Similarly, we can prove that by Theorem 35.1 of NAKANO [7] . Therefore, we have by (3) that $0\leqq\inf_{RC\Lambda}\pi(1/a_{l})\leqq\inf_{\pi e\Lambda}\frac{1}{\epsilon}m((1+\epsilon)a_{l})=0$ , as required. Some of the relations stated above are truth not only fo $r$ modulars, but also for any convex functions with suitable propertieS. As to investigations about convex fumctions, we $\iota hay$ have to refer JENSFN [3] , $m(a+c)+wi(b+c)\leqq m(a+b+c)+m(c)$ for $a,$ $b,$ $c\geqq 0$ , we must use the spectral $theory$ , which is explained roughly in the next section. As the modular spectra $\omega(\xi, s, \beta)$ is a convex function of $\xi>0$ , it is not but the definition of convexity that $\omega(a+\mathcal{T}, s, \mathfrak{p})+\omega(\beta+\gamma, s, \mathfrak{p})\leqq co(a+\beta+\gamma, s, 0)+\omega(\gamma,s,\mathfrak{p})$ for positive numbe$rs(a,$ $\beta,$ $T$ . Hence, by the integration:
$m(\xi s)=\int_{ [s] }\omega(\xi,s,\mathfrak{p})n\iota(d\mathfrak{p}s)$ , we can establish the required inequality.
\S 2. Derivative spectra
Since the modulared semi-ordered linear space is a universally eontinuous semi-ordered linear space, we may need explain some potions about the spectral theory, stated in NAKANO [7] .
For For any $a\in R$ and $\mathfrak{p}\in \mathfrak{E}$ , let us write $Fr$ om the definition, we see easily that,
Since $|a|\geqq|b|$ implies that 
Proof. We need only $pr$ ove that, for a llUmber $\epsilon$ such that $0<e<l$ , the inequality: [3] shows that
so th\"at we have
by the formula (2) . As the element $s$ is finite, we have
and so, we can obtain by [4] the inequality which was required above.
Hence, the proof is established. 
In fact, we can prove the right-hand inequality as follows; the case, when $r(1/a)$ and $m(a)$ are finite, is only to be proved. Then
for $a=X^{X}(a)$ , as required. The proof of the left-hand inequality. is quite similar.
From (1) and \S 1 (2), we see easily that Hence, the inequality (3) in this section is equivalent to our theorem, because the right-hand derivative of $m;a\wedge/\hat{\sigma}^{a}$ :
is always positive for $\alpha=x_{1t}(a)$ , and is always negative fo $ra=x^{\kappa}(a)$ .
Apart from this theorem, we can define new exponents as follows: Upper boundedness of the convex function was consideyed first by COOPER [2] and next by BIRKILL [1] . Few years later, $M\kappa yr\lrcorner\tau roT_{I}I_{I}AND$ [6] , similarly as $ORI_{1}ICZ$ -BIRNBAUM [12] , considered it as a property of more special functions, namely, sub-maitiplicative functions $f(\xi)$ which satisfy the following relatiom:
for every $\xi$ and $\eta$ . The converse inequality:
for. every $\xi$ and $\eta$ , was called super-multiphea vity of the function by 
for a fixed
. To see this, we need only put
. In order that $a$ element $a\in R$ be lower bounded, .it is necessary $a\dot{n}d$ sufficient that $\chi_{m}(a)$ is strictly greater than one. Proof. Whe $n\gamma_{m}(a)$ is strictly greater than one, we have Therefore, we obtain $\frac{1-\gamma}{1-a}-m(\xi a)\leqq n(\xi/a)$ for any $\xi>\backslash 0$ , which implies that
We have defined above two sorts of exponents. Now, we will consider the problem when these expo ents eoincide. In $or$ de $r$ to have the $e$ qualties:
it is necessary and sufficient that $\varphi_{a}(x^{m}(a), \xi)$ , or $\varphi_{a}(\gamma\backslash (a), \xi)$ is increasing or decreasing respectively as a function of $\xi>0$ . And, for this, it is necessary and suflicient that the right-hand derivative of the functim of $\xi>0,$ $\varphi_{a}(\alpha,\xi)$ is negative for $a=\gamma m(a)$ and is positive for $\alpha=x_{m}(a)$ , provided that $\pi(\xi/a)$ is continuous as a function of $\xi>0$ . But, this. is not interesting. As a more simple criterion, we have. The exponents defined in the previous section depend on each element. We will define in this section exponents which depend only on the modular, and discuss the problem determining them by that of elements.
Defimtion. For . Therefore, Theorem 27.5 of NAKANO [7] gives a subsequence $a_{\nu_{\mu}}(f^{1}=1,2,\cdots)anda\in R$ such that [7] , where $\omega\leftarrow(\xi,a,\mathfrak{p})$ is the conjugate modular spectrum, namely, , by Theorem 37.8 of NAKANO [7] . Hence, putting $\eta=r_{\Gamma}(\xi,a,\mathfrak{p})$ , we have for almoet all $\xi>0$ .
\S 6. On norms by modulars
In the modulared semi-ordered l\'inear space, there defined two sorts of norms, that is, the first narm: which means that $x^{m}(a)>1$ .
Next, we will prove the later half of this theorem. As there is a number $\xi>0$ such that $\pi(\xi/a)<+\infty$ , we have
Therefore, there is a number $\xi J>0$ such that
If In the norm theory, the fundamental inequality is that of H\"oLDER.
But, in the theory of modulars, the inequality: for all $0\neq a\in R$ . This property characterises the conjugate modulars of uniformly convex modulars. These were defined and proved in NAKANO [7] \S 50 and \S 51. This space is denoted by $L_{p^{r}t)}$ and discussed first by NAKANO [9] . The above modular on this space $L_{p(t)}$ is of unique spectra, and $\chi^{m}=\sup_{0_{\Leftarrow}<t\leqq 1}p(t)$ and $\chi_{m}=\inf_{0\leqq t\leqq l}p(t)$ . . The problem when these two spaces coincide is considered first by $O_{R}r_{r}Icz [13] $ and solved completely by NAKANO [11] .
Before concluding this section, we will state a theorem concerning about the relation between a modular and its norms: In the theory of constant modulars, the following theorem which has given by NAKANO [7] is fundamental:
If a mdular $m$ is constcent, then for any constant elements $0\neq a,$ $b\in R$ , As an example of the modulared semi-ordered linear space with constant modular, the simplest one is the space $L_{p}(p\geqq 1)$ . Here, we will introduce somewhat eccentric space $s$ of this kind.
The function:
$\varphi(\xi)=e^{\epsilon}-\xi-1$ $(\xi>0)$ , is $a$ convex, increasing function of $\xi>0$ and $\varphi(0)=0$ . Therefore, the space $L_{\exp}$ . of measurable functions $a(t)(0\leqq t\leqq 1)$ for whieh the integral:
